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Generalized Information theoretic measures for
ERM

Entropy Heyl maiena.EY pyCLIY.at

entropy associated with a loss function L

minimum loss without knowing X

Conditional entropy of Y given x

tklytx xl maeehaEynpylx xlUY.at
min

4 EAEY PYIXxCLCY.tncxD

Conditional entropy of y given X
HUYIX

ymifyExynpxylllY 4
CH

min

Hey Ey
PXYCHY L Y Xcx



yminyz.qpxlxiefypylx xlDLCY.tncxD

min

tfxfe.A.EE kMyEyPYlx
xlHLCY 4cxD

IZexPxlHnfcinx c Fey PY1xxCH 44,4CxD

E
Px ymian Eynpy I 4K 4cal

Px HL Yl x x

theytxt Ex p Hc Yl xD

Mutual information
IL Hix Holy Hd'dx

the reduction of the loss due to knowledge ofX

ILLY X 2 Ic Yi Z th Yi X Z

Hc Y Hd4 2

CHIHZI TILLYIX ZI



Note

114 X t Lilli's in general

Shannon's mutual function is a spatial case

where Ily X Il Xii

o Divergence

Def epyaangmaieg.EY py.CL Y.eD
be the optimal action call Bayes Action

RIP HQ
E yup ILLY Aap E yup ELLY And

Eyre ILLY Acad HILLY 70

if Py Qy then PclRHQ 0

Then

ILLY X Ex DL PHXHRD

Hi Y HilYIX



Example

log loss

Llogly Qy logQyl'D

Heog Y FeyRay legPyly
Shannon's entropy

O l loss

Lo CY9 Icy ay

f
1 if y ya

o if 4 5

Ho l YEE Pyu
Quadratic loss

action a Y
CY5 ly FF

Hz ELY EH Varley

for general L

Hel's may not be positive



AOI in supervised learning

Hel Ytl Xt out
predict Ye based on feature Xt ok

Assume Xt Ye is stationary

HLCYtlXt ok Hi Yo Xo

Them I

918 Hilts Xo is a function of the age 8
where

HL Ys Xo 9,18 92181

9 HelYo Xo t IL Hei Xt KI Xt k D
Gass II Yei Xt k it XtKl

91,92 are non decreasing functions

For Markov In
Hence 9281 0

theYslXo can be increasing

decreasing
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Example HilYsl Xo

8

Question When is He Xo a non decreasing

function of S

Lemma l If Y X Z is a Markov chain

then

HilYIX E Hantz
This is called Data Processing Inequality

Lemma 2 If Yt Xt s Xt s t is a

Markov chain then

Hillel Xt s EHdYtIXt s e



Proof of Lemme 1

If ya X z then

Py z1x x Y Z Py1X 141 Pzl x Z

Y L Z H X
Given f x consider the term

EY.zrpy.az x xlLlY 4lx.ZDJ

EY.zrpy1xxDxPz1xxELlY XCX Z

zPzHxH y
Pyp HILLY Xcx zi

LEX Z
Tominimize LCX.tl we bet

Xcx 2I ang hazing Feypypx.xlYILCY.ee

ang maina Ey p ELLY at

The last team is merely a function of X
Hence there exists an optimal action

X Z Cx



such that
I 4 minimizes IX 21

ii 40 depends only on X

r EYznpy.z.ly L Y Xcx 2

ZEy.znpy.ztx.xf.LY HD

Hi HIX 2

myin Ex.y.znpxyz.CL Y
4cX.ZlDZmgigEx.y.znPx.y.zlLlY.cfCX1l

main Ex y px.yCLCY.colXD

HeadX
On the other head

HeadX

mgig Lx.y.znpx.y.z.CLCY 47 11

7 myin Ex.y.znpxyz.CL Y 4cX.ZD



HeHIXZI
Illy 2IXt XYXZL HdYM
Hc YlXZHelYIXzle HIM 2
o

HdYlX EHcCY Z

If Ytc Xt s Xt s t is a Markov

chain for all 8 T 70

Hel YslXo

3

Practical training data

Never exactly a Markov chain



sometimes it is close to a Markov chain

sometimes it is quite different from
a Markov chain

One can prove that

If Ye Xt s Xt s t is close to

a Markov chain then

HilystXo
is close to an non decreasing function of S

S Markov chain E data processing inequali
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